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Maximal Uniqgue Matches

O Given a collection C containing d strings from

a finite alphabet 7.
= Let n be the total length of the input C.

O Frequency freq(P, C) is the number of strings
containing substring P.

O Occurrence count Occ(P, C) is the number of
occurrences of P in C.

O Problem: Given C, report all maximal substrings P
having freq(P, C) = Occ(P, C) = d.




Optimal-time algorithm

O Integration of

= Kasai et al. [Kas01] algorithm to visit all
branching substrings of a text,

= Hui's [Hui92] color set size technique.
= Backward search [FMOO].

O Toolbox:

Suffix array,

LCP-array,

Range Minimum Queries (RMQ).
FM-index




Visiting all Branching Substrings

O Substring o of T is branching, if there exists
a, b 0> (a #b) such that ada and ab are both
also substrings of T.

= At most O(n) branching substrings.
= No need to go through all O(n?) substrings!

O Branching substrings correspond to
internal-nodes of a suffix tree.

= Simulate traversal through the in-nodes
by using only the Suffix array and LCP [KasO1].




Suffix Array

O Enumerate all suffixes of string ababac$:
= Special end-marker $ is lexicographically smallest.

ababac$ $
babac$ ababac$
abac$ lexicographical abac$
bac$ ordering ac$
ac$ | babac$
c$ E>> bac$

$ c$




Suffix Array

O Suffix array SA contains the lexicographically
ordered set of suffixes:

= SA[i] gives the starting position of the i'th suffix.

Suffix

$
ababac$
abac$
ac$
babac$
bac$

c$

1234567
ababac$

n
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LCP-array

O LCP[i] =lcp( T T

SA[i]..n 7T " SAJi-1]..n )
= |cp is the length of the longest common prefix.

SA[i] LCP[i] Suffix

|

1 7 0 $

2 1 0 ababac$
3 3 3 abac$

4 5 1 ac$

5 2 0 babac$
6 4 2 bac$

7 6 0 c$

= SA and LCP can be constructed in O(n) time!




FM-index: backward step

O FM-index [FMOO] is a compressed representation
of suffix array that allows to compute interval
Isp(cP),ep(cP)] of suffix array matching cP, given
interval [sp(P),ep(P)] of suffix array matching P, in

O(log |2]|) time.
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Visiting all Branching Substrings

O Example collection:
C = {aaba, abaaab, bbabb, abba}

T: a ab a $ ab aaab $bbabb$abbal




Visiting all Branching Substrings

O Suffix array of
C = {aaba, abaaab, bbabb, abba}.

T:- a ab a $ ab aaab $bbabb$ abob

$ $ $ $ a aaaaaaaaabbbbbbob
$ $ aaabbbbb$ 3% aaaahb
a b b $ aabb $ $ ab $
b $ a $ a $ a a b
$ $ a $ b §
b $
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Visiting all Branching Substrings

O Suffix array of
C = {aaba, abaaab, bbabb, abba}.

T: aaba$ abaaab$bbabb$abba
SA: 5121823 4228 9 1 10

$ $$ S aaaaaaaaaabbbbbbbhb
$ $ aaabbbbb$$ aaaabhb
abb$aabeob $ $ ab $ a
b $ a $ a § a ab 5

$ $ a $ b §

b §
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Visiting all Branching Substrings

o Proceed from left to right.

o At each step i, maintain a
stack of nodes
corresponding to
the suffix SA[i].

o “Right-most path”

SA:

L.ck: 0 0O OOOC1T1 2 312 3230112 2212 3
$ $ $ $ a a a a a a aaaabbbbbbbobob
$ $ a ala b b b b b $ $ aaaabbob
a b b $ aabb $ $ ab $ a a
b $|a $ a $ a a b $ b
$ $ a $ b § b
b $ $

$
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Updating the Stack

] o To proceed to column i+1,

first remove nodes with
string-depth > LCP[i+1].

o In the next column

LCP[10] = 1.
SA:

L.ck: 0 0 0OOO0OC1T1 2 3123 230112 2212 3
$ $ $ $ a a a a a a aaaabbbbbbbobeob
$ $ a a a b b bbb $ % aaaabbob
a b b $ aabb $ $ ab $ a a
b $ a $ a $ a a b $ b
$ $ a $ b § b
b $ $

$
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Updating the Stack

3 o In the next column

LCP[11] = 2.
0 Special case: No node with
string-depth LCP[11] = 2.
o Add a new internal-node
with string-depth 2.

SA:

L.ck: 0 0O 0OOOC1T12 31 23230112 2212 3
$ $ $ $ a a a a aa aaaabbubbbbbobeob
$ $ a a a b bbb b $ % aaaabbob
a b b $ aab b $ $ a b $ a a
b $ a $a $ a a b $ b
$ $ a $ b § b
b $ $

$
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Calculating Frequency of

Branching Substrings

o Branching substrings
correspond to the
internal-nodes.

o E.g. substring ab
is branching.

o How can we calculate the frequency of all
branching substrings?
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Hui's algorithm

Store for every node v

a
in the stack values:
b = S[v]: number of occurrences
of the substring ending at
S[v] =5 node v, and
Clv] =1

= C[v]: number of duplicate
occurrences of the substring
ending at node v.

C = {aaba, abaaab, bbabb, abba}

= Total S[v] = 5 occurrences of substring ab.
= QOccurs twice in the second string, thus C[v] = 1.
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Hui's algorithm

o Store for every node v
in the stack values:
b = S[v]: number of occurrences

of the substring ending at
node v, and

= C[v]: number of duplicate
occurrences of the substring
ending at node v.
O Updating S[v] is easy:
= When popping, propagate the
value to the parent.
o Updating C[v] is more tricky:
= Memorize the previous suffix
SA[i'] of the same document.
= C[v']=C[V']+1 for V' being at
string depth min LCP[i'+1..i].
= When popping, update like ég[v]




From frequency to MUMs

O

O

Branching node v corresponds to is right-maximal

substring P.
When C[v]=0 and S[v]=d, P is unique.
Enough to check left-maximality.

With FM-index of the collection, we can calculate
the backward step from interval [sp(P),ep(P)]=[i-

d+1,i] to [sp(cP),sp(cP)] with all c. If t
two non-empty intervals, say [sp(cP),s

'sp(c'P),sp(c'P)], then v is left-maximal.

nere are
H(cP)] and

If all above conditions hold, P is maximal unique

match.
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Space-Efficient MUMs

O Optimal-time algorithm requires O(n) time, and
O(n log n) bits.
= Space is actually = 3 n log n bits.

O Space-efficient MUMs:

= Based on same algorithm, but using space-efficient

data structures.

O(n log n) time, and
O(n log |Z| + d log n) bits of space.
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Space-Efficient Data Structures

O Right-most path is kept in a special stack:

= Relative string-depths and S[v] values are stored
using Elias codes.

= Takes O(n) bits.
= Allows constant time pop/push.

O C[v] values are encoded using a
dynamic searchable partial sums structure.

= Unary coding in a dynamic bit vector.
= O(n) bits with O(log n) time updates.
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Space-Efficient Data Structures

O Compressed suffix array [HSS03]:
= Construction in O(n log log |X]) time, and
O(n log |Z|) bits.

" Computing SA[i] value takes O(log® n) time,
fore < 1.

O LCP and RMQ structures require 2n+o(n) bits
[HS02,FHO7].
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