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Topics of today:

1. Recall concepts from lecture 01

2. Formal definitions:

> genome, family, gene, chromosome
> adjacency, telomere
> breakpoint model

3. Single-cut-or-join model

4. Computational problems: distance and double distance



Types of genomes - concerning gene content

Singular genome:
each family occurs exactly once

Duplicated genome:
each family occurs exactly twice

Perfectly duplicated or doubled genome:
duplicated and each adjacency or telomere occurs exactly twice

Natural genome:
no restriction on the number of occurrences of families




Definitions / notation (family-based setting)

Given a genome G:
> Let F(G) be the set of gene families occurring in G.
> For each family f € F(G), each occurrence of f in G is called a gene and is also represented by f.

> Each chromosome of G is represented by a sequence of its genes, and each gene f has a sign
(f for direct orientation or f for reverse orientation) to keep track of the relative orientations.

» Each linear chromosome is flanked by square brackets “[" and “]”, while each circular chromosome is
flanked by parentheses “(” and “)".

> Denote by G(G) the (multi)set of genes of G (ignoring orientations).

» Denote by x(G) the number of linear chromosomes in G.

Exl: G =[2141] (1325)= F(G)={1,2,3,4,5}, G(G) ={1,1,1,2,2,3,4,5} and 5(G) =1

Ex2: S=[241] [365] = F(S) =G(S) ={1,2,3,4,5,6} and x(S) = 2

Obs: If S is singular, then F(S) = G(S)

Ex3: D =(231312) = F(D) = {1,2,3}, G(D) = {1,1,2,2,3,3} and (D) =0

Obs: If D is duplicated, then G(D) = F(D) U F(D)



Definitions / notation (family-based setting)

Representing G with sets of adjacencies and telomeres:

> Each gene (occurrence of a family f) in G has two extremities: head f" and tail ft.
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If a family f occurs multiple times, we assign subscripts to the respective gene extremities to keep track of
the correct pairs.

Two gene extremities that are next to each other in a chromosome of G form an adjacency of G.
A gene extremity that is at the end of a linear chromosome of G is called a telomere of G.
a(G) is the set of adjacencies in genome G

~v(G) is the set of telomeres in genome G

G =[2141] (1325) = a(G) = {2{17, 1{4,4"15, 143", 327, 205", 511} and ~(G) = {27, 15}
16(G)] = |a(@)| + DG

G=[241] [365] = (G) = {2!4!,4"1¢,3%6",6!5"} and »(G) = {2, 17,3, 5¢}

G =(231312) = «(G) = {2t3,301%,1h38, 3014, 1528, 2020} and ~(G) = 0
If G is circular, then |a(G)| = |G(G)| and v(G) = 0



Representing a doubled genome

Given a singular genome S, let S@ S or 2-S be a doubled genome,

in which each adjacency/telomere of S appears twice.

Examples:
Sy =[213]and 2-S; =[213] [213]

Sy =(213) and 2:S; = (213) (213) or 2:Sy = (213213)



Types of genome pairs/sets

Pair/set of singular genomes:
each family occurs at most once in each genome

‘ M Pair/set of canonical genomes:

singular and balanced

Pair/set of balanced genomes: ‘ %

each family occurs the same number of times in each genome

Sing-dup-canonical pair (asymmetric):
one genome is singular and the other is duplicated and the gene families of both genomes are the same
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Definitions / notation (family-based setting)
Given genomes G1, Go, ..., Gx:

> Fi = F(G1)NF(G2) N ...N F(Gx) is the set of common families (occurring in each G;)
> G, =G(G1)NG(Gz) N...N G(Gx) is the (multi)set of common genes (genes of each G;)

> n= |g*‘
Genomes Type
Gy and Go singular Fe = Gu

Gy and Go balanced Fr = F(G1) = F(G2) and Gi = G(G1) = G(G2)
G4 and G2 canonical Fe =F(G1) = F(G2) = Gy =G(G1)=G(Go)

Sand D sing-dup-canonical Fy =F(D)=F(S) = Gx=6G(S) and G(D)=G(S)uUg(s)

Representing genomes with sets of adjacencies and telomeres:
> a, = a(G1) Na(Gz2) N ... N aGx) is the set of common adjacencies

> 7% =7(G1) Ny(G2) N ... N y(Gx) is the set of common telomeres
> a=|au| and t = ||

The sets a, and -y, are easy to identify when G1, G, ..., Gk are canonical,

otherwise identifying them implies fixing a matching of the genes of Gy, G, ..., Gk



Breakpoint model - distance and double distance

Breakpoint distance of canonical genomes C; and Cj:

dBl”((Clv(CQ) =n—a-— 5.

where n = |Gx|, a = || and t = |y4]

The distance dgp(G1, G2) can be easily computed in linear time.

Breakpoint distance of balanced genomes B; and B;:

dep(B1,By) = i dpp(Cq, C
BP( 1 2) (C1,C2TEI?]B1,]B2){ BP( 1 2)}

Breakpoint double distance of sing-dup-canonical genomes S and D:

d?.(S, D) = dgp(2-S,D d
HP(S' ) BP( S, ) (€1.Co)e (2SD){ BP(Cl (Cz)}

Ex: S=[213]and D=[312312]

The double distance d2,(S, D) can be computed in polynomial time with a greedy approach:

» There is always a matching of genes that fullfills each candidate common adjacency / telomere
between 2-S and D



Single-Cut-or-Join (SCJ) model

> A cut is an operation that breaks an adjacency of genome G in two telomeres.
» A join is the reverse operation: joint two telomeres of G into one adjacency.

» Any single cut or single join is a SCJ.
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A genome G can be represented by its set of adjacencies a(G)

(the set of telomeres v(G) can be derived from a(G))

Then, SCJ operations can be seen as set operations:
> A cut of an adjacency xy: a(G) \ {xy}.
» A join of an adjacency xy: a(G) U {xy}.



SCJ Distance and Sorting

Given canonical genomes C; and C3, dow many SCJs do we need to tranform C; into C3?

If 1 have two sets a(C1) and a(Cz), and the only allowed operation is to remove or include elements from the
sets, how can | transform a(Cy) into a(C2) with the minimum number of operations?

One way:
1. First, remove all elements of a(C1) that are not present in a(Cz).

2. Then, include in a(Cy) all elements of a(Cyz) that are not already in a(Cy).

In set theory:
1. remove (a(Cy) \ a(C2)) (SCJ: via single cut operations)
2. include ((C2) \ ®(C1)) (SCJ: via single join operations)

dses(C1,C2) = |(C1)\ a(C2)| + |a(C2)\ a(Cy)|



SCJ sorting of C; into C,

a(Cy) =

a(Cs) =

{1h3h’ 3t2h' 2t4t}

{1h21.‘v 2h3tY 3h4t}

D > B >

C G >



SCJ sorting of C; into C,

a(Cy) = {1h3h,3t2h ot4ty —>

a(l;) =  «a(Ci)\{1'3"} = {3t2h 2t4t} —

a(l) = ol) \ {274} = {3t2"} — >

a(lz) = olx)u{1h2t} = {1h2t, 2h3t} — E—>

a(Cy) = a(ls)u{3hat} =  {1h2t 2h3t 3h4t} — E—

C G >

C G >

< CE——— >



SCJ distance of canonical genomes C; and C,

dscs(Ci, C2) = |a(C1) \ (C2)] + |(C2) \ a(C1)]
= |a(Cy)| = |a(C1) N a(C2)| + |a(C2)| = |a(C1) N a(Cy)]
= |a(C1)| + |(C2)| = 2]ar(C1) N x(C2)]

= [a(C)l + [a(C2)| = 2]en|

Since |a(Cy)| =n— @:
C C
dst(C1,C2) =—n— |’Y(21)| +n— |’Y(22)| —2|Oé*|
2y DIEDIEA(CD

=2n—2a— k(Cy) — k(Cy)

where n = |G4| and a = ||

The distance dsc;(Cy, C2) can be easily computed in linear time.



Breakpoint distance x SCJ distance

t
dBp(G1,G2) =n—a-— 5

dSCJ(Gl, Gz) =2n—2a— N(Gl) — N(Gg)
=2n—2a—k(G1) — k(G2) —t+t
=2n—2a—t—k(G1) —k(G2)+ t
t
=2(n—a—5) = K€1) — K(G2) + ¢
= 2dBp(G1, Gz) — H((Gu) — H(GQ) +t
For circular genomes:
dSCJ(le G2) = 2dBP(G11 GQ)

In general:

dep(G1, G2) < dscs(G1, G2) < 2dpp(G1, G2)



SCJ - double distance

SClJ distance of balanced genomes B; and B;:

dscs(B1, B2) = - CQ) (]B ) {dSCJ((Cly(C2)}

SCJ double distance of sing-dup-canonical genomes S and D:

d2,,(S, D) = dscs (2-S,D) = - Cz)E(QSD {dscs(C1, C2)}

Ex: S=[213] and D = [312312]
The double distance dgm(S, D) can be computed in polynomial time with a greedy approach:

» There is always a matching of genes that fullfills each candidate common adjacency

between 2-S and D
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