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Types of genomes

Given a pair of genomes A, B. Let ®(m) be the copy number of
family m in genome G € {A,B}.
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There is no way to sort (1223 4) into (123224) by DCJs
alone.
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Natural Genomes and indels

There is no way to sort (1223 4) into (123224) by DCJs
alone.

We need indel operations

— But how many 2s to delete/insert?
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Excursus: Matching models

How to handle a shared family m with ®4(m) # ®g(m)

Exemplary Matching (EM) Intermediate Matching (IM) Maximal Matching (MM)
Exactly one occurrence matched At least one occurrence matched As many occurrences as possible
matched

nm = 1 genes of family m matched 1 < nm < min(®y(m), dg(m)) nm = min(®4(m), ®g(m)) genes

genes of family m matched of family m matched
Lowest common ancestor: Each Lowest common ancestor: Each
shared marker occurs once shared marker occurs at least as

often as in the genome with fewer
occurrences






The capped MRG for MM Natural Genomes

Given two natural genomes A, B their capped multi-relational graph CMRG(A,B) is
described as follows

1. V=V(£A))U V((B))UT: There is a vertex for each extremity/cap in each
genome.
Each vertex v has a label £(v) corresponding to the extremity it represents.
2, E= E(X(A) U EQ(B) U E£ U E.f’ U E[D(A) U EID(B)
Eo(G) ={uv:u,ve V((G))and {(u)l(v) € a(G)}
o Ee={uv:ue V((A))and v € V({(B)) and ¢(u) = ¢(v)}
Eer ... edges connecting caps

Eip(G) ={uv:u,v e V((G)) and u, v are extremities of
the same gene of family m
with ®g(m) > min(P,(m), Pg(m))}



Consistent decompositions in the CMRG

Capped consistent
decomposition Q[S, P]
— is induced by a maximal sibling-set S and a maximal capping-set P
— is the union of S with P with all adjacency edges
and indel edges of genes not matched in S
— covers all vertices of CMRG(A,B)

— is composed of cycles only



Consistent Decompositions = Matchings
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Finding the best decomposition

dpes(A B) = {dBe/(QIS, P} = ne + pa — {w(Qls, PN}

_ min _ max
SESmax,PEPma S€ S nax,PEPmax

Gyax is the set of all maximal sibling-sets of CMRG(A, B)
where ¢ 93,;,x is the set of all maximal capping-sets of CMRG(A, B)

ns and p4 are constant for any capped consistent decomposition
with w(QIS, P]) = 1€V = (. cous@(MO)
where

cQ are cycles containing extremity edges

SQ are circular singletons
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Recap: Shao-Lin-Moret

Match the parts of the ILP to their function!

A ér'gej""'(l_x{v,-,vj}) v {vi,vj} €E

1 Each adjacency edge
is in the decomposi-
tion

B > Xuwy =2 YueV
{uv}€E
2 Sibling edges are only
selected together
vVi<i<|V|
8 A cycle is only
counted at the vertex
with the smalles label
D xe =1 Ve € Eq(A) U Eq(B)

4 A decomposition con-
sists only of simple
cycles

E Xe = X4 Ve, d € E¢ such that
e and d are siblings

5 Cycle labels of adja-
cent vertices are the
Ssame
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Recap: Capping and indels

[ id [sources [linking AB-cycle [T] AnJAc[A(27)[AX][Ad]
[P wM [AA,p + BBas [(AA 45, BB3a) [ T +1]+1] 0] —2] —2]
O WWMM[2 X AA 45 + BB4 + BBs |(AA s, BBs, AAsa, BBa) +2[ +1 0] —4] =3
} MMl |2 X BBas + AA, + AAg |(BBas, AAs, BBa, AA,L) ‘ ‘ +2‘ +1 0‘ 74‘ 73{
T WM |AAup + BBa + ABas (ABus , AAgp4, BBy) +1.5]+1] —0.5] =3] —2
Wil |2 X AA 4 + BB, (AApn, BBy, AA s, BB < I'p) u| 42 +1 o| —3| —2
WNM |AA 45 + BBs + ABs,  |(ABsa, AA s, BBy) +1.5| +1| —0.5| —3| —2
WWM |2 X AA 43 + BB (AAs, BBa, AA s . BB < I'p) ul 42|41 o —3| —2
MNQ BBy + AA,4 + ABgy (ABg4, AA 4, BBys) +1.5| +1| —0.5| —=3| —2
MMW (2 X BBas + AAgx (BBsa, AAa, BBas, AAc <I'a) n| +2[+1 0| —=3| -2
MZW | BBpp + AAs + ABas (ABas , AAg, BByia) +1.5| +1| —0.5| =3[ —2
MM |2 X BBas + AAs (BBus , AAp, BBya, AA. <T's) nl +2|+1 0| —3| —2
8 ZN [ABys + ABza (ABus , ABsa) +1[+1 —1] —2[ -1
WM |AA,4 + BBy (AA 4, BBy) 41| +1 0| —1| —1
WM |AAgp + BBg (AAg, BBg) +1| +1 0| —1| -1
WM |AA 4 + BB, (AAgpa, BBy) +1| +1 o| —1| -1
WM | AA 4z + BBg (AAus, BB3) +1| +1 0| =1 -1
WZ |AA s + ABus (AAgn, BB: <T's, ABas) ul+1.5| +1] —0.5] —2| -1
WN | AAan + ABpa (AA s, BB. <I'z, ABs,) Ul+1.5| +1] —0.5] —2| -1
W0 | AAqs + AAas (AAus, BBe <I'p, AAsq, BBc <I'p)|U| +2[+1 0| —2| -1
MW |BBas + AAa (AA 4, BBaz) +1| 41 ol —1| -1
MW |BBap + AAgp (AA3, BBya) +1| +1 of —1| =1
MZ |BBus + ABun (BBga, ABys, AA. <T'4) N[+1.5(+1| —0.5| —2| —1
MN | BBap + ABpa (BBas, ABpa, AA: <T'4) N|+1.5[ +1| —0.5| =2| —1
MM | BBap + BBas (BBagp, AAc <I'a, BBpa, AAc <T'a) [N| +2| +1 0] —2| -1

M zzwM|2 x ABus + AAs + BBy |[(ABps, AAs, BApa, BBy) +2| +1 —1] —4| -2 13
NNUMIO v AR LAA . L PRPRACAR .. . AA . RA ... RR.Y ‘ | ol 11 1l —al o




Recap: Indels via Transitions
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Recap: Indels via Transitions

1 if C is indel-enclosing

0 otherwise

with r(C) = {

14



Transition counting in the ILP

Set label to 0 on active indel-edge in A
ry <1-— X{uwv} v {U, V} S E/D(A),

ii5)
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Transition counting in the ILP
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Transition counting in the ILP

Set label to 0 on active indel-edge in A

rv <1 =X V {u,v} € Epp(A),
Set label to 1 on active indel-edge in B

rys > X{u' v} v {U/, V/} S E/D(IB)
Record the transition in variable

tluvy = v = —(1 = Xquv}) V{uv}eE

ii5)



What about r(C)?

N(C N
wais, =1 ¥ D nep=1e0- "2 >«

2
cecQus® cecQus@
R(Q
% — |{C e c?.cis indel-enclosing} | — |SQ|

R(Q)
2

=[cC| =

=|{C e c®: Cisnot indel-enclosing}| — — \SQ\

where S are circular singletons in the decompostion,

1 if C is indel-enclosing
r(C) =
0 otherwise
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Removing indel-enclosing cycles from the count

Idea: Set the cycle label to 0.
I < I'(]. = X{Vh‘,j}) A {V,', VJ} € E/D(A) U E/D(B)
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Counting circular singletons

Idea: Each circular chromosome k € K is a potential circular
singleton.

Z Xe— |k|+1<s, VkeK
ecEp (k)
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Final Objective Function

w(Q[S, P]) = |[{C € C?: C is not indel-enclosing}| — @ — |59
Objective:

Maximize Z Zi — % Z te — Z Sk

1<i<|V| ecE keK

19



Match the following parts of the ILP to their function!

A ¢ < i(l_x{vi,\/j}) v {vi,vj} € Ep(A) U Ep(B)
1 Setting  run-variable
(preparing to find
transitions)
B v <1—xg,.y vV {u,v} € Ep(A),
nZ Xg iy v {u',v'} € Ep(B)

2 Removal of indel-
enclosing cycles
C truwy 20— — (1= xg,03) vV {u,v} €E

3 Recording transitions
D ST oxe — 1kl +1< s Vk € K
k
EEE/‘d
4 Flagging circular sin-
gletons

20



Excursus: ILP solvers

solve relaxation

Solution integer?

Solved! Pick variable
x with non-integer

value r

Two new ILPs:
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Refinement - Restricting where transitions occurr

Only permit transitions in adjacencies in A
te=0 VeeE\EL(A)

Only permit transitions next to indels

Y xa—te>0 Ve € Ey(A)

de E/D (A)7
dNe#D
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Full ILP Solution

Objective:
Maximize Z z,-f% Z te — Z Sk
1<i<|V| ecE keK
Constraints: Domains:
(C.01) xe =1 V e € Eq(A) U Eo(B) (D.01) xe € {0,1} Ve€E
(€.02) > Xy =2 YueV (0.02) 0 <¢<i V1<i<|V|
{u,v}€E (0.03) z € {0,1} V1<i<|V|
(C.03) xe = xg Ve, d € Eg such that
e and d are siblings O3 & WA YvaV
) D.05) t, 0,1} V E
(C-08) & < € +i(l—x(yv}) ¥ {viy} €E, (0.05) te € {0.1} Vee
'y (D.06) s, € {0,1} VkeEK
(c.08) -z <0 v1<i<|V|
(€.05) £ < il —xgy,v3) v {vi,v;} € Epp(A) U Ejp(B)
(€.07) n <1—xgu.u} vV {u,v} € Ep(A),
n2 X0y v {u',v'} € Ep(B)
(€.08) try 3 =>rn —r—(L—xg,,)) V{uv}€E
(c.09) > xg—te>0 Ve € Eq(A)
dEE|p(A),
dNe#£2
(C.10) te =0 Ve€E\Eqy(A)
(€11) D xe— k[ +1< 5 vk € K
ecEl
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Full ILP Solution

Objective:

Maximize E z;f% Z te — Z Sk

1<i<|V| ecE kEK

Constraints: Domains:

(0.08) r, €{0,1} VveV
(D.05) te € {0,1} VecE
(0.06) s €{0,1} VkeK

(€-05) & <i(l=x(y,,3) v {vi,v;} € Epp(A) U Ejp(B)
(C.07) r <1—x(yy v {u,v} € Epp(A),
rg > Xtul v} v {Ula V/} € Epp(B)
(c.08) truvy = rvfruf(lfx“’v}) V{u,v} €E
(c.09) ST o xg—te>0 Ve € Eq(A)
deEp(A),
dneAd
(€.10) te=0 Ve€E\Eq(A)
©11) 3 xe— Ik +1< s Vk € K Shao et al.
eeEI,‘;
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Full ILP Solution

Objective:
Maximize
1<i<|v|

Constraints:

(C.01) xe=1

(€02) 37 xquuy =2

{u,v}€E
(C.03) xe = xg
(c.04) £ <€ +i(l— X{v,',vj'})

(c.06) i-z < ¢

DD DI

e€E keK

Ve € Eq(A) U Eq(B)
YueV

Ve dEe EE such that
e and d are siblings

vV {v, v} €E,
v1<i<|V|

Domains:

(D.01) xe € {0,1} Ve€E
(0.02) 0 <¢<i V1<i<|V|
(p.03) z € {0,1} V1 < |V|

DING extension
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Full ILP Solution

Objective:
Maximize Z z,-f% Z y = Z Sk
1<i<|v| ecE keK
Constraints: Domains:

(C.01) xe=1 Ve € Eq(A) U Eq(B) (0.01) x. € {0,1} Ve€cE
(€.02) > xuuy =2 YuevVv (0.02) 0 <¢<i V1i<i<|V|

{u,v}eE (0.03) z €{0,1} V1<i<]|V|
C.03) Xxe = X, V e,d € Eg¢ such that
( ) e ! e and daregsiblings LY eI Yray

. D.05) te € {0,1} Ve€E

(c.04) ¢; Séj*”(lfx{v,-,vj-}) v {vi,vj} € E, ( ) te € {0,1}
(C.08) i-z <0 v1<i<|V|
(c.05) ¢ <i(l— X{v,v,vj}) v {vi,vj} € Ep(A) U Eip(B)
(€.07) n <1—xguvy vV {u,v} € Ep(4),

nZ Xpul Wy v {u,v'} € Ep(B)
(€.08) try 3 > —r—(1—xg,,)) V{uv}€E
(c.09) ST xg—te>0 Ve € Eq(A)

dEE|p(A),

dNe#&
(C.10) te =0 Ve€EN\ Eq(A)

handling
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Full ILP Solution

Objective:
Maximize Z 2,7% Z te — Z Sk
1<i<|V e€E keK
Constraints: Domains:

(C.01) xe =1 Ve € Eq(A) U Eq(B) (0.01) xe € {0,1} Ve€E
(€.02) > xuuy =2 YuevV (0.02) 0 <¢<i V1<i<|V|

{u,v}€E (0.03) z € {0,1} V1<i<]|V|
(C.03) xe = x4 Ve, d € E¢ such that

e and d are siblings LY eI Yray

(C.08) £ < 4 +i(l—xqy, 1) ¥ {viry} €E, (0-05) te € {0.1} VeeE

. g ; (D.06) s, € {0,1} VkeEK
(c.06) i-z < ¥ vi<i<L|V|
(€.07) rn <1—xgy .3y vV {u,v} € Ep(4),

nZ Xpul Wy v {u',v'} € Eip(B)
(€.08) try 3 > —r—(1—xg,,)) V{uv}€E
(c.09) ST xg—te>0 Ve € Eq(A)

deE|p(a),

dNe#&
(C.10) te =0 Ve € E\ Eq(A)
(€11) D xe— |kl +1< 5 Vk € K Indel enclosing

K
e cycles

23



Full ILP Solution

Objective:
Maximize Z 2;7% Z te — Z Sk
1<i<|V| ecE keK
Constraints: Domains:
(C.01) xe=1 Ve € Eq(A) U Eq(B) (D.01) xe € {0,1} Ve€E
(€.02) > Xy =2 YueV (0.02) 0 <¢<i V1<i<|V|
{uvieE (0.03) z € {0,1} V1<i<|V|
(C.03) xe = xg Ve, d € E¢ such that

e and d are siblings
(c.04) ¢; S£j+i(1*X{v,-,vj-}) v{vi,v} €E,
(C.06) i-z < ¥ vi<i<|V|
(c.05) £ <i(l—xgy v.}) v {vi,vj} € Ep(A) U Ejp(B)

(D.06) s, € {0,1} VkeK

> xg—te>0

deEp(A),

Ve € Eq(A)

dNe#2

(€.10) te=0 Ve € E\ Eq(A)

©11) Y xe— Ikl +1<s Vk € K Transition
ecEk counting

23



Full ILP Solution

Objective:
Maximize Z z,-f% Z te — Z Sk
1<i<|V| ecE keK
Constraints: Domains:
(C.01) xe =1 V e € Eq(A) U Eo(B) (D.01) xe € {0,1} Ve€E
(€.02) > Xy =2 YueV (0.02) 0 <¢<i V1<i<|V|
{u,v}€E (0.03) z € {0,1} V1<i<|V|
(C.03) xe = xg Ve, d € Eg such that
e and d are siblings O3 & WA YvaV
) D.05) t, 0,1} V E
(C-08) & < € +i(l—x(yv}) ¥ {viy} €E, (0.05) te € {0.1} Vee
'y (D.06) s, € {0,1} VkeEK
(c.08) -z <0 v1<i<|V|
(€.05) £ < il —xgy,v3) v {vi,v;} € Epp(A) U Ejp(B)
(€.07) n <1—xgu.u} vV {u,v} € Ep(A),
n2 X0y v {u',v'} € Ep(B)
(€.08) try 3 =>rn —r—(L—xg,,)) V{uv}€E
(c.09) > xg—te>0 Ve € Eq(A)
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(€11) D xe— k[ +1< 5 vk € K
ecEl
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ILPs can be very fast

400 1

350 1

300 1
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Solving time [s]
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#Duplicate occurrences per genome
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ILPs can be very fast

Genome Max. multiplicity #duplicate #duplicate diSCJ solving time [s]
pair of dupl. marker markers occ.

dbus-dmel 23 303 832 4661 6.02
dbus-dpse 17 361 934 4688 5.29
dbus-dsec 15 295 766 4710 5.64
dbus-dsim 13 281 721 4767 5.05
dbus-dyak 19 318 785 4756 5.00
dmel-dpse 23 469 1319 3799 32218.93
dmel-dsec 23 326 902 901 6.78
dmel-dsim 23 322 893 1093 N3
dmel-dyak 23 362 972 1379 7.22
dpse-dsec 17 464 1227 3866 13.82
dpse-dsim 17 449 1198 3962 6.81
dpse-dyak 19 481 1259 3951 8.96
dsec-dsim 13 314 843 1138 5.67
dsec-dyak 19 354 903 1516 6.56
dsim-dyak 19 347 864 1661 23.07
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Resolved Phylogeny

busckii

simulans pseudoobscura

sechellia

melanogaster

yakuba
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Resolved Phylogeny

busckii

simulans pseudoobscura

sechellia

melanogaster

yakuba

Not quite, but for an improved procedure, stay tuned for next lecture :)
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[d Gurobi mip solver introduction.
https://www.gurobi.com/resource/mip-basics/.
Accessed: 2021-01-26.

[ Bohnenkimper, L., Braga, M. D., Doerr, D., and Stoye, J. (0).

Computing the rearrangement distance of natural

genomes.
Journal of Computational Biology, 0(0):null.
PMID: 33393848.
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